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Abstract
We assume that a self-gravitating thin string can be locally de-
scribed by what we shall call a smoothed cone. If we impose a specic
constraint on the model of the string, then its central line obeys the
Nambu-Goto equations. If no constraint is added, then the worldsheet
of the central line is a totally geodesic surface.





In the framework of general relativity, two theoretical aspects of cosmic
strings have been mainly studied. The dynamical one in which the equations
of motion of the innitely thin cosmic string are governed by the Nambu-
Goto action and secondly the self-gravitating one in which the straight cosmic
string in particular is considered as the source of a gravitational eld. In this
case one nds that the asymptotical metric generated by the straight cosmic
string is a conical metric [1] and the case of a singular line is obtained in a
limit process.
The study of line sources in gravitation can be originated from a paper of
Israel [2] in which the author concluded that there existed "no simple general
prescription [...] for obtaining the physical characteristics of an arbitrary
line source". However, Vilenkin [3] gave the physical meaning of the conical
singularity as being a cosmic string. Attention has been recently devoted
in understanding the dynamics of a conical-type line source of the Einstein
equations [4, 5, 6, 7]. The conclusions summarised in [8] are as follows. A
two-dimensional timelike worldsheet whose points are conical singularities of
the 4-geometry cannot be in general the dynamical evolution of a Nambu-
Goto string of arbitrary initial shape. The conical singularity requires that
the worldsheet is totally geodesic. This restraints the initial shape of the
string as well as the evolution of each of its points to be a geodesic of the
4-geometry.
In this paper, we take up again the question of the dynamics but for a
self-gravitating extended string. For a straight cosmic string, it is known
that the exterior metric may be matched with an interior metric having as
source an energy-momentum tensor with suitable properties. We consider a
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string of arbitrary shape but we restrict ourselves to the case of a thin tube
of matter adopting the assumption that the exterior metric is locally the one
describing a straight cosmic string. The interior metric is constrained from
this and the energy-momentum tensor could be derived from the metric. The
aim of the present work is to nd the equations of motion of the central line
of this thin tube of matter in the limit where its radius tends to zero.
We emphasize that we do not consider directly a self-gravitating line.
In our method, the conical points are smoothed out on a scale comparable
to the radius of the string. The central line of this tube sweeps a timelike
2-worldsheet whose points are perfectly regular. A local coordinate system
can then be attached to our spacetime by taking the two parameters of
the worldsheet as the rst two coordinates and the other two as geodesic
coordinates pointing in a direction orthogonal to the worldsheet. This local
coordinate system axed to the worldsheet allows the natural introduction
of the extrinsic curvature and other geometric parameters of the worldsheet.
The interior metric of the string is essentially characterised by a function
f(l) = h(l=) in which l is the radial coordinate whose origin lies on the
worldsheet and  is a length typical of the thickness of the string. The
function h is arbitrary, only submitted to certain conditions expressing the
smoothness of the spacetime on the worldsheet, as well as the matching
conditions on the boundary between the interior of the string and the vacuum.
If no other conditions are imposed, we shall prove that the worldsheet
tends to a totally geodesic surface, i.e. of vanishing extrinsic curvature,
when  goes to zero. However we have found another possibility. If we im-
pose on the function h a specic supplementary constraint then the extrinsic
curvature no longer tends to zero. Nevertheless the mean curvature tends to
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zero when  does and thus the worldsheet tends to be locally extremal which
is precisely the behavior of the Nambu-Goto string. Since the function h is
a characteristic of the metric in the interior of the string thus the constraint
imposed is interpreted as a specication of the matter of the string.
The paper is organised in the following manner. We recall in Sec. II the
basic results on self-gravitating straight strings with some thickness and we
describe the formalism that we shall use. In Sec. III, a self-gravitating string
of arbitrary shape is introduced and the coordinate system adopted to its
study is introduced. In Sec. IV, we expand in powers of 1= the geometrical
quantities appearing in the Einstein equations. In Sec. V, taking the limit
of  going to zero of the Einstein equations on the boundary between the
string and the vacuum, we obtain the constraints that the worldsheet swept
by the central line of the string must satisfy. Finally in Sec. VI, we nd the
Nambu-Goto energy-momentum tensor in the zero limit of , conrming the
choice of the denitions adopted in Sec. III.
II Straight strings as smoothed cones
In a general relativistic context, it is possible to portray a straight string as
a thin cylinder of matter [9, 10, 11, 12]. We give some basic features of a
self-gravitating straight string since they will be used later on in the general
case of strings of arbitrary shape.
In the coordinate system (t; z; l; ) with l  0 and 0   < 2, the
energy-momentum tensor has the form
T tt = T
z




 = 0 0  l < l0 (1)
where l0 is the given radius of the cylinder. The energy density  is a posi-
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tive regular function of <2. Taking into account the Einstein equations, the
interior metric can be written as
ds2INT = −dt
2 + dz2 + dl2 + f 2(l)d2; 0  l < l0 (2)







G being the Newtonian gravitational constant. In order to ensure a regular
behavior of metric (2) at l = 0, one must choose f such that
f(l)  l + a3l
3 + a5l
5 +    as l! 0: (4)
We can also require that the function f is increasing. The exterior metric
which can be matched to the interior metric (2) can be expressed in the form
ds2EXT = −dt
2 + dz2 + dl2 + sin2  (l−
−
l0)
2d2; l > l0 (5)
where the constants  and
−
l0 are determined from the following matching




0(l0) = sin: (6)




f dl d: (7)
By using (3), (4) and (6), it is easy to see that it is related to the angular
decit  of metric (5) by
 = 2(1− sin) = 8G: (8)
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From (8), we note that the exterior metric (5) is independent of the details
of the internal string as well as of its radius.
At this point, it is enlightening to recall the solution for a straight string
with  =constant. The interior metric is characterised by







and the exterior metric is again (5). The geometrical interpretation of the pa-
rameter  will be given below. The matching conditions (6) give the relation







We point out that l0= depends only on .
Returning to the general case this particular solution suggests to impose





where h is a smooth function and  is a parameter which takes again the




) = cos and h0(
l0

) = sin: (12)
For a given function h, the quotient l0= depends only on the constant angle
, i.e. on the linear mass density  by virtue of relation (8).
One can give a geometrical interpretation. By performing the change of
coordinate  = l−
−
l0 in metric (5), we recognise the so called conical metric
representing a cone of half angle . It is usefull to give a representation
in a Euclidean 3-space of the 2-surface t = constant and z = constant for
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the interior and exterior metrics (cf. g. 1). It can be visualised as a cone
whose top is cut out at a distance 0 = l0−
−
l0 of the vortex and replaced
by an axisymmetric cap which joins the cone tangently along the circle of
junction of radius 0 sin. The coordinate l represents the length of the
radial geodesic of the 2-surface originated at the top of the cap. It takes the
value l0 at the boundary between the smooth cap and the cone and then it
continues along a generatrix of the cone. The coordinate  is the azimutal
angle. Referring to g. 1, we see that  = 0 sin= cos, which represents
the distance of the junction to the central axis, coincides with choice (10).
For the particular solution (9) we have a sperical cap of radius .
In the generic case, h is characteristic of the form of the cap and  of its
size. This explains the choice of form (11) of f which allows us to wedge
in the cone a cap of a given form of any size. In short, the 2-surface of
the Euclidean 3-space will be called a smoothed cone of half angle . The
corresponding spacetime will be said to have a smooth conical point. We
emphasize that we can choose l0 and  as little as we want thus making the
smooth cone as sharp as we want, but keeping the quotient l0= xed.
Finally, we shall also require the continuity of the second derivatives of
the metric at the junction. This is simply achieved by putting




) = 0: (13)
As a consequence the Ricci tensor is continuous at the junction. Let us
note that the supplementary condition (13) is not veried by the particular
solution (9). This was obvious from the beginning since the energy density
 is constant in the interior of a straight string and decreases sharply to zero
at the boundary. The supplementary condition (13) is physically natural






Figure 1: Smoothed cone
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usefulness is that the continuity of the Ricci tensor makes easier further
calculations in the neighborhood of the boundary between the cap and the
cone.
III Self-gravitating string of arbitrary shape
and coordinate system
In the previous section we described a straight self-gravitating string with
some thickness. The aim of this section is to extend this construction to
a string of arbitrary shape. If the string thickness is suciently small and
if the central line of the string spans a suciently smooth world sheet, we
can suppose that the string approaches a straight one and thus it can be
locally characterised by a smooth conical point. This suggests to determine
the spacetime in the neighborhood of a small portion of the string in the
following way :
- the interior metric given by
ds2INT = gAB(
A; l; )dAdB + dl2 + f 2(l)d2 0  l  l0 (14)
where f(l) = h(l=) was specied in Sec. II and the metric components gAB
(A;B = 0; 3) are smooth.
- in the vicinity of the string, the exterior metric given by
ds2EXT = gAB(
A; l; )dAdB + dl2 + sin2  (l−
−
l0)
2d2 l > l0: (15)
We note that a priori we have ommited cross terms in (14) and (15) in order
to simplify the calculus. Metric (14) is regular but the coordinate system
breaks down at l = 0. We introduce coordinates a (a = 1; 2) which are well
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dened
1 = l cos and 2 = l sin : (16)
Then, metrics (14) and (15) become
ds2 = gAB(
A; a)dAdB + gab(
a)dadb: (17)









(1)2 + (2)2 (18)
which is well dened and smooth in the interval 0  l  l0 from (4). It has
null odd derivatives at l = 0. The components gab have the simple expression
g11 = 1 + r(l)(
2)2; g12 = −r(l)
12; g22 = 1 + r(l)(
1)2 (19)
in the interval 0  l  l0. It is interesting to note that gab = ab + O(2).
There will be no need in the following to express explicitely gab for l > l0.
The central line of the string dened by l = 0 spans a timelike worldsheet
parametrised by A whose induced metric is simply
γAB(
A) = gAB(
A; a = 0): (20)
A radial geodesic on the 2-surface A = constant, is also a geodesic of the
spacetime, normal to the worldsheet at the point P (A). The coordinate l
represents the length along this geodesic measured from the point P (A). So,
the 2-surface A = constant is generated by the spacetime geodesics tangent
at P (A) to a 2-plane orthogonal to the worldsheet. Hence we recognise in
the coordinate system (A; a) a known system (see for example [13]) where
a are geodesic coordinates and from which it is easy to extract the extrinsic
curvature KaAB of the worldsheet by expanding the metric components
gAB(




As we shall see in Sec. V, the extrinsic curvature is implicated in the dy-
namics of a self-gravitating string.
IV Expansion of geometrical quantities
The aim of this section is to expand in powers of 1/ geometrical quantities
such as the metric, connection and Ricci tensor when , that is a measure of
the thickness of the string, is small but not null. Let us point out that all
length parameters a0; l0;  are of the same order since l0= is constant.
In the interval 0  l  l0 all these quantities depend on the function r(l)
through the metric components gab(
a). However since r(l0) = O(1=
2) it is














It is evident that q(l0=) is xed and depends only of the angle . The same
holds for its rst and second derivatives q0(l0=) and q
00(l0=).
The metric components (19), their inverse, and the determinant can now
be written






























where  ca is the totally antisymmetric Levi-Civita symbol and
^
( ) stands for
the induced geometrical quantities of the 2-dimensional smoothed cone.
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Then one immediately gets
(gab)l=l0 = O(1); (g
ab)l=l0 = O(1); (
^
g)l=l0 = O(1): (26)








It is also easy to see that
(gAB)l=l0 = O(1); (gAB;d)l=l0 = O(1); (gAB;C)l=l0 = O(1): (28)


























We can now deal with the Ricci tensor for l = l0. The derivatives of (31) will
give terms of the order of 1=, whereas the derivatives of (27) and (32) will
















































































Finally for the mixed indices we get





































































We have calculated the above quantities for l = l0 since we need these
estimations precisely at the boundary in order to obtain the equations of
motion in the following section.
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V Equations of motion of the string
We now focus attention on the self-gravitating string of arbitrary shape de-
scribed by metric (17 ) in the coordinate system (A; a) where the function
h is specied in Sec. II. We suppose that the exterior spacetime is a vacuum
solution : R = 0; ( = A; a) for l > l0.





gR = 8GT ; 0  l  l0: (45)
As a consequence of the matching conditions adopted, the Ricci tensor must
be continuous at the junction l = l0. So, the interior Einstein equations (45)
coincide with the vacuum Einstein equations at l = l0
(R)l0 = 0: (46)
These boundary conditions impose some constraints on the timelike world-
sheet swept by the central line of the string. We shall examine (46) when
the parameter  is arbitrarily small.





ab)l0 + (Rab(1))l0 = 0; (47)






0 since the junction l = l0 belongs to the cone.
We need to calculate the limit of the connection coecient ΓDdD appearing






ABKdAB = Kd (48)
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where Kd is the mean curvature of the timelike worldsheet. On the other
hand we know from (32) that (Γdab)l0 is of order 1=. Thus, the limit  ! 0
of equation (47) multiplied by  gives
F dab(k










is nite. Equation (49) is independent of  or l0 and depends only on the
azimuthal angle  on the boundary or equivalently as indicated of the unitary
2-vector ka.
In the same way using (33)-(35) along with (31),(32), we obtain the zero
limit of  for the (A;B) components of equations (46)



































Let us note that the mixed components (a;A) of (46) give no constraint.
If the coecients F dab(k
a) and F b(ka) are non vanishing, which is the
general case, equations (49) and (51) yield respectively
Kd = 0; (55)
15
KbAB = 0: (56)
Equation (56) means that, at the zero limit of , the worldsheet swept by
the central line of the string is totally geodesic. This of course implies (55).
We recover the situation described in the litterature [4, 5, 6, 7, 8] when the
string is a self-gravitating singular line.
However we see from (54) that if we take the condition
B = −4A; (57)
then one annihilates the extrinsic curvature coecient and thus constraint
(56) disappears. Hence we are left with constraint (55) which expresses that
in the zero limit of  the world sheet is minimal. In other words the worldsheet
has the same evolution as a Nambu-Goto string.
We must verify however that when condition (57) is applied then equation
(49) does not also disappear. Equations (49) are explicitely expressed as
k2[P +Q(k1)2]K1 + k
1[P +Q(k2)2]K2 = 0;
−k1Q(k2)2K1 − k
2[2P +Q(k2)2]K2 = 0; (58)
−k1[2P +Q(k1)2]K1 − k
2Q(k1)2K2 = 0
for all ka, where P = B + 2A and Q = −B + AB + 4A2. If A and B
verify condition (57), then the three equations (58) are reduced to only one:
k2K1 − k1K2 = 0 for all ka. Hence (55) is again veried.
By their denition (53), the quantities A and B are independent of the
length parameters and depend only on the angle . That is, we can express







This relation is a supplementary constraint on h as it will be explained in
the conclusion.
VI Energy-momentum tensor of the string
The energy-momentum tensor S of the string is obtained by an integration
of T on the section 







g d1 d2 (60)
where now  and thus l0 are small but xed.
From the Einstein equations (45) and the algebraic expressions of the
Ricci tensor given in Sec. IV, we can write in obvious notations
T(






) + T(1) l  l0: (61)
We rst apply formula (60) for the (A;B) components. Only the rst term
of (61) will yield a non null nite integral when  tends to 0 since the volume

































g d1 d2 +O(): (64)
Since l0 is small we can also approximate the metric gAB by development










g d1d2 +O() = −γAB +O() (65)
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gd1d2 = 2(1− sin) (66)
and consequently  is related to  by formula (8). This result is not obvious
a priori. It originates specically in the choice of the form of the metric (14)
where f is given by (11). A general discussion of the problem of obtaining
the energy momentum tensor for a concentrate distribution of matter can be
found in [14].
The integral of the (a;A) components obviously vanishes as 2. For the







R = 0 for a 2-dimensional manifold. Thus the integral vanishes as .
Discarding terms in , S reduces to SAB given by (65) which is the
energy-momentum tensor of the Nambu-Goto string. This last result which
is proved independently of the equations of motion is in accordance with
them. It can justify a posteriori the denition of a self-gravitating string as
a smooth cone with metric (14) and (15).
VII Conclusion
In this paper we have investigated the dynamics of a self-gravitating string
in the limit where the thickness  becomes negligible. In the generic case
the worldsheet swept by the string (more precisely by the central line of the
string) is a totally geodesic surface (the extrinsic curvature of the worldsheet
is null). This result could have been somehow guessed since the strings
dened as singular lines of conical points have precisely this property [4, 5,
6, 7].
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However we have found another pleasant possibility : by imposing relation
(59) the extrinsic curvature is no more relevant and only the mean curvature
is null. This expresses that the worldsheet is extremal which is the behaviour
of the Nambu-Goto string. If we suppose that the linear mass density  is
given, then the angle  is xed by equation (66). It is easily seen that relation











The above equation is an algebraic relation taken at the xed point l0= which
is added to the matching conditions (12) and (13). It is easily shown that
such a function h can be found in a polynomial form. The simplest solution

















The four unknown quantities l0=, b3, b5 and b7 can be determined as functions
of the angle  (or equivalently as a function of the linear mass density  of
the string) by the four equations (12), (13) and (67). Of course by taking
a polynomial of larger order one can get an innity of solutions. It would
probably be interesting to investigate the physical meaning of the constraint
(67) on the matter of the string.
By using the method described in Sec. IV, we can evaluate the Riemann
tensor (Rγ)l0 at the junction l = l0 or equivalently the Weyl tensor since
the Ricci tensor (46) vanishes. This gives the magnitude of the gravitational
eld near the thin cosmic string. In the generic case where the extrinsic
curvature KaBC vanishes, the Riemann tensor is bounded as the radius l0
becomes arbitrarily small. On the contrary when only the mean curvature
Ka is null, the Riemann tensor components (RaBCd)l0 blow up as 1=, i.e.
19
1=l0, when the radius l0 tends to zero. We see that the gravitational aspect
is completely dierent in the latter case. Let us add that if we require that
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